
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world byJSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.istor.org/participate-istor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



No. XV. 



Solution of a General Case of the Simple Pendulum. By 
Eugenius JSiilty. — Read 2is# August, 18I8. 

In a letter which I wrote to Dr. Patterson, and which the 
Society thought worthy of pubhcation, I found a new con- 
verging series for determining the times of oscillation of 
the simple pendulum in a plane. This has since led me 
to consider a more general case of the simple pendulum, 
in which the motion is supposed to arise from the action of 
gravity and an impulse not directed in a vertical plane, and 
to take place in the surface of the sphere of which the radius 
is the length of the string connecting the oscillating point 
and centre of suspension. As the series which I have found 
in solving this problem have not been noticed by the latest 
writers on mechanics, 1 have thought that the following in- 
vestigation might not be unworthy the attention of the So- 
ciety. 

Let X, y, z be the vertical and horizontal distances of the 
oscillating point from three rectangular planes X. Y, Z, given 
in position with respect to the centre of suspension, 6t the 
element of time during which the motion is considered as 
uniform, and g the accelerating force of gravity. 

The velocities at the beginning of d^ in the directions of x, 

y^zare _-, -J', — ; the forces lost during this element are 

QC Qf QC 



GENERAL CASE OF THE SIMPLE PENDULUM. 467 

A^x d^w d^z 
therefore -p^, — f, -— ; and by the principle of virtual ve- 
df df df f I 

locities, the sum of these forces, multiplied by the variations 
of their directions, is equal to the action of gravity multiplied 
by the variation of its direction. We have therefore 

Let the invariable length of the pendulum be denoted by 
a, and let the common intersections of the three planes X, 
y, and Z be in the vertical passing through the centre of 
suspension at a distance equal to a below this point. We 
shall then have 

and of which the variation is 

X — a V ... z 



sx+^*y+--'fZ=zO, (3) 



a a a 

an expression which the variations in the equation (1) must 
satisfy. 

Let us therefore multiply this expression by an arbitrary 
quantity T, and add the result to the equation (l). We 
shall then find 

The variations fx, nf, iz are independent in this equation 
by virtue of the arbitrary quantity T, and accordingly we 
have 
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6f a ' 

6f a ' 

which are easily verified by observing that the first terms 
are the components of the inertia of the oscillating point in 
the directions of a:, «/, Z; the second terms, the components 
of the tension of the string in the same directions ; and g the 
effect of gravity in the vertical direction x. 

Multiplying these equations respectively by dx, dy, 6z, 
adding the results, and observing that by virtue of the equa- 
tion (2) we have 



X — a 



v z 

we shall get 

d^a:. d*«, d'z, . 
-^Ax^^lAy^-Az^gdx, 

of which the integral is 

^df ^^^^*~^^- ^^^ 

Again, multiplying the second and third of the preceding 
equations by z and ?/, and taking the difference of the results, 
we shall find 

d'« d''^ „ 
of which the integral is 
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^Jy^=b'. (4) 

The equation (3) expresses the known principle of living 
forces, and the equation (4) that of the equable description 
of areas. 

Let V be the horizontal angle formed by the projection of 
a on thi? plane X, and by the vertical plane Z. Then it is 
evident that y=v{2ax — :r').sin. v and z=\/(^ax — a:').cos. v; 
and their differentials are 

dv= , ^ ^ ^.sm.vAx+\/(Mx — ^^)cos.t>dv, 

'^ v(2ax — X'') 

d2=— r rr.cos.x)d;r — ^(^ax — ^*)sin.r)d». 

'./{^ax — af) ^ ^ 

Substituting these expressions in the equations (3) and (4), 
we shall find after obvious reduction, 

^-^ ^ — =s^(saa;— o:^) .{b^x), 

(2ax — x^)6v I, 

from the first of which eliminating &v, and from the second 
d^, we get 

d^ ~ a 

^x 1 

-r = + — r'(^(^^ — 3:^)^^) (6) 

b' 
in which F= of — (2a + h)x' + 2abx — c, and c = — . 

fig 

These are the equations from which the motion of the pen- 
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dulum is to be determined. The first will give the time in 
a vertical direction, and the second the horizontal angle de- 
scribed about the vertical which passes through the centre of 
of suspension. 

In order to integrate these equations, let us observe that 
the oscillating point can neither ascend so high on the sphe- 
rical surface as to attain a point of which the vertical ordi- 
nate is equal to 2a, nor descend so low as the horizontal, 
tangential plane X. The curve described will therefore be 
contained between two horizontal circles drawn on the sphe- 
rical surface, and it will evidently touch these circles in two 
points P and Q, corresponding to the greatest and least va- 
lues of the vertical ordinate x. Let these values, or the or- 
dinates of P and Q, be denoted by p and q, and let us observe 

Ax 
that the vertical velocity -|- decreases as the oscillating point 

approaches P and Q, and vanishes at the instant of their co- 
incidence. We shall therefore have F= 0, both when a: = p 
and Xz=q, and accordingly this equation must be divisible 
by each of the factors x — p, x — q, and consequently by their 
product a? — {p+q)x+pq. Let the third factor of F be 
X — r. Then we shall have 

F or rr' — (2ffl + h)x^+ 2abx — c = [x"" — (p + q)x + pq'^ -{x—r), 

from which, by comparing like powers of x, we get 
2a + b=p+q + r, 2ab = pq + (p + q)r, c = pqr, 

and thence 

r = sa+- — P^ — , c=(2a+ — ^ — W. 
2a— p — q^ ^ 2a— p — q^^^ 

The equation F may now be transformed into the product 
{^—(P + 9> +PQ} • {^'-(^^ + .^a—p—q ^^' 
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which may be written in the form, 

=(^^/.(l-«^).^.(l+^"), by putting 

t±l^xJ^u, and m^-B. ^^=-^=M. 

% % ' 2a— p — q 3 SA: 

By virtue of this assumption, we have 

v//^=^=Z?.(«*.vf (1— ^/^).(l +A;m) ?, 

in which «= — l corresponds to a;=p5 and m=1 to a;=(?. 

Substituting this expression in the equation (5), and ob- 
serving that dx= — ^^dw, we shall find 

^^Lgip—9)y ^Ui^u'Ui+ku)}, and thence 

at ak^ ^ ^ 

■,._ aki 6u yx 

lg{P-i):\' ' v{U-u').{i+ku)}' ^" 

With respect to the equation (6), we have 

2 2 2 ^ 

= xr:^.(l+A;'w).(i— A;"w), by assuming 
^=A:'(3a— ^)=A:"M, and accordingly 
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and thence 

d -/ ^<^^ \ 4qA:'A:" dw 

^ ^p-q \p-'qr\i-\-1i!u).{i—k"ii).s/{[i—u%{i+ku)}' ^^^ 

These are the simplest forms in which d# and dr> can be 
presented. It is impossible, however, to express their in- 
tegrals in finite terms by means of circular arcs and loaia- 
rithms ; but series exhibiting their approximate values may 
be found in the following manner : 

Putting, for the sake of brevity, the constant coefficient 

flic 
— — — -r = ir, and expanding the factor {i+ku)-^ by the bi- 
nomial theorem, we have 

(111 

in which, if we put the integral of —, r-=arc(sin.=a;)=A 

and the integral of -7- — 5^= — \/(i—x)=A', we shall have 



r 



v^^if Ji—nvi—otf B 
u'du 3B— SmVI— «* O 



J VI— m' ^.4 S.4' 

n'6u 5C— 3.4mVi— «' D 



f 



s/i—u" a.4.6 "a.^.e* 

^c. &c. 



/UQU 
Vi—U 
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v'6u A'-u'vi—u' B' 



3 3 ' 

/ u'6u fl'— 3^Vl— ?/ C^ 
Vi—U^~ 3.5 ~3^' 

7/dw C— 3.5«Vl— m' D' 



/UQU _ 



3.5.7 3.6.7' 

by virtue of which, the integral of the preceding expres- 
sion is 

, ,^ , c „ 3B,, 5.7C,, 7.9.1lZ),„ 9.11.13.15JB,, „ 

^ ^ 4^8' 4.8.43' 4^8MSM6* ^ 

ifl'^ _^P 7.9 C^ ,, 9.1^13^0' . 

"^^•^ '^■'' 2.4.6 ■*"3.4.6.8.10'^ ■*"S.4:6.8.10.13.14'^ + ^*^'i' 

the difl^rence between two values of which correspondina; to 
given values ^, h' of x will give the time taken by the oscilla- 
ting point to describe a portion of the curve, corresponding 
to the vertical height h — h'. 

If we extend the integral from x=p to x=q^ and conse- 
quently from u- — 1 to?/=t, we shall have the time {t) which 
the oscillating point requires to descend from the highest 
point P on the spherical surface to the lowest point Qj and 
vice versa. In this case, the integral A becomes simply 



Tl 



-. (jt being put for the semicircumference of a circle to radius 

= t,) the integrals fi, C, D, ^c. become respectively Ji. ^.% 
D=S.^A, ^c. and the integrals A', B', C, D', ^c. all vanish^ 
We shall therefore have 
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rt\ V ?i 1.3,2 1.3.5.7,, 1.3.5.7.9. H„ o, > 

=Ki.{i + '^ie+A!-^k^+A'^^k^ + , b^c], (9) 

^2j Aj representing the second, third, ^c. terms. 

Let us resume the differential equation (7) and put s ~ 

— r- . From this we get 
l+ku ° 

putting for the moment (S^ = 4 — 45 + ki^ and thence 

k^s h 
^{{i—i^) . (i+ku)} = s\i+ku) = v{s (1— i" ± r^^)}^ ^^^ 

Au= — ^ ^ 1 — '^ ^-^^^ }' Substituting these expressionSj 
we shall have 



Let 2 — ms and 2— ks be the factors of the quadratic 
4— 4S+P/ in this expression. We shall then have jn+n=2, 
mn=ik\ and thence m^i+^{i—k% «=1— v/(l— P). The 
preceding expression may now be written 



\/{s[2—ms).{^—ns)} ' 



which will take the form of the original equation (7) by as- 

\^~u' All' 

suming s= j since then — ds= — , vUi.^—ms).{^—ns)l- 



m m 
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=Ku We have therefore 

^ K,''v{{i-u'').{i+k,u')}'' 

an expression which integrated between the limits w'=i and 
7/'=— 1 as before, gives 

(0=3-.(|)!f 1 + ^f K^+Ji, ^^ ^,^+.^3 ^ ^1^+ ¥.} 

a series exactly similar to that above found, and derivable 
from it by introducing the factor A",, and changing A. to ky. 

It is evident that a third series may be derived from this 
by introducing a new factor K^=v{ l+3>/(l— A:.)^, and chang- 

ing ki into k^ = 7J-— ; and that a similar process may 

be continued ad infinitum. We shall therefore have 

or rejecting the second, third, 6jc. terms of the series in the 
brackets as indefinitely small, 

W=^"-^ ir,.A-..j^...A-. )- ("" 

This is an elegant expression for the determination of (0. 
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It has not been hitherto noticiid, at least to ray knowledge, 
and is the object I had in view in the present paper. 

It may be proper to observe that the equation (10) may be 
easily modified so as to apply to the case in which the vibra- 
ting point moves in a vertical plane. We have merely to put 
^=0 in the expressions represented by K and A;, since then 
the constant arbitrary quantity b' expressing the effect of the 
impulse from which the conical motion arises will vanish, 
and the vibrating point will descend to the horizontal plane 
X. The values of E and k will become, in tfiis case. 

— f r^ and — - — , and the corresponding value 

of (t) will be exactly of the same form as that just consider- 
ed. If we limit the expression to the factor K, we shall 
have a particular case of the first expression found for (t), 
the same as that already given for the common pendulum. 

With respect to the equation (lO), I shall only observe 
that its integral may be found in a series by means of the 
integrals A, B, C, «yc. A\ B\ C, ^c. after the factors 
(t + A:m), (l + k'u, (l — k"u), are expanded by the binomial 
theorem. By using peculiar artifices, other series may also 
be found ; but their coefficients are so complicated, as to de- 
ter me ft-om inserting their investigation. 

I shall conclude this paper by a computation of the value 
of (t) for a particular value of k. This will give an idea of 
the rapidity with which the quantities ATj, k^, ^c. decrease, and 
at the same time show the great superiority of the formula 
(10) over the series (9). 

The extreme value of which k is susceptible being unity, 

let us suppose this quantity greater than its mean value -, 

3 11 

or= — . Then we have k^ =.—, k^= — — - — , a fraction of 

which the square and higher powers may be safely neglect- 
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J iw St N^ t\ A A Ct O O 

ed. We shall therefore have K^ = — , R^= — '^-— , 

vC-^i-K;) = 3.6854S3, and accordingly 



(t) = Ki—-^ = i2'¥l.08535737), 

^ '' 3.6854S2 ^ ^ 

a result which is true to the last figure. 

Again, substituting— instead of k in the series (9), we 





shall get 



(0 =^K^{ 1.00000000 \ 

6750000 

13^8906 

3S8904 

90 i9S 

Sfi318 

7914 

g4.'j3 

775 

248 

.81 

S6 

8 



= ijr*f 1.0853.5735 I J 

in which the last two figures are incorrect, although the di- 
visions have been extended to the ninth decimal place. 



